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THREE ALGEBRAIC NOTES. 



By DR. L. E. DICKSON. 

I. Transformation op a Solvable Quintic into Itself. 
As well known, the following quintic equation 

(1) y s +py»+!sP*y+r=0 
may be solved algebraically by making the substitution 

y=e~1;P/<t, 

quite analogous to Cartan's solution of a reduced cubic equation. 

We here consider another property of (1), Which may be written 

(i') vlW+lpy-^Hr^o. 

This form suggests the following quadratic transformation 

y*+&=w, y=V , (.w-^p). 
After rationalization, (1') then becomes 

O-^OO 8 -^ 8 ) 8 ^ 2 , 

a solvable quintic containing al powers ^5 of w. To remove the term w*, set 
w—z+^vp. We thus obtain 

(2) xf-lpW+ihP**— liP s -r*=0, 

a quintic lacking the term x* as well as x*. Setting 

2 
T—ax, P^-lpta*, M= — pp 6 a5-r 2 a 5 , 

equation (2) takes the following form, analogous to (1), 

(3) T* +PP> +£P 2 Y+R=0. 

Now equations (1) and (3) are identical in exactly two cases : 
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Theorem. According as r—[\/( — ity'5)] 6 or — 2|j/( — ^/5)] 5 , $e substitu- 
tiony*—Yy'(—p/b') — lp,ory^= — Tj/( — p/b) — \p transforms the quintic equation 
(1) into itself. 

In the second case, -^ — [- I -£-1=0, so that the quintic has two pairs of 

equal roots. In fact (Dickson's College Algebra, page 189), the roots are 

2|/(— p/5), two each aj/(— p/5),>two each fi\/— p/5), 

where a=e-|-e*, /J==s 2 -|-e 3 are the roots of w 2 -f-w— 1=0; also e s =l. 

II. Rbducibility op a Eeoipbooal Sextic Equation. 
The general reciprocal equation of the sixth degree may be written 

(4) x t —px s +qx i —rx 3 -\-qx' i —px-\-l=0. 

As known, its solution may be made to depend upon a cubic and a quadratic 
equation; thus, set 



— ==z whence a; 2 -] — -=0 S — 2, x 3 A — ; 
% x % x 3 



(5) x+—=z, whence x*-\ — ? =2 8 -2, x*-\ — ^=z»-dz. 



Dividing (4) by x 3 , we then obtain 

(6) z i—p Z 2^-(q-S)z + 2v-r=0. 

The question here proposed is the determination of the conditions under 
which (4) has a factor of specified form and with coefficients in an initially given 
domain of rationality. Some examples will make clear what is meant by a do- 
main. It is a familiar theorem that, when p is a prime number, xv~ l 4 r .....-\-x'*-\- 

x-j-1 is algebraically irreducible, not being expressible as a product of two fac- 
tors each of the form f=ax*A r bx n - 1 -\- — -f-tf, where l;?n<p— 1, and a, b, ...... t are 

integers. It readily* follows that there is no factor /with rational coefficients. 
Henee xp- 1 +~~+x*-\-x-\-1 is irreducible in the domain of all rational numbers. 
However, it may become reducible in a larger domain. Thus, for p—f>, 

«*+*»+*» +*+l=[* , +*e(l+»/6)+l][*«+4«(l-i/6)+l] f 

and hence is reducible in the domain of all rational functions of ]/5 with integ- 
ral coefficients. It becomes completely reducible into linear factors in a domain 
containing an imaginary fifth root of unity. 

We return to the question of the reducibility of (4) in a given domain or 
field F containing the coefficients of p, q, r. The condition that (4) shall have a 

*For one proof, with references to the various proofs, of these two statements, see the writer's In- 
troduction to the Theory of Algebraic Equation* (Wiley & Sons, 1803) , page 78. 
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linear factor x—x i is that the cubic (6) shall have a root z, in the domain F such 
that x 2 — 2 t x + 1=0 has a root x i in F, the latter requiring that sf —4 be the square 
of an element of F. With one linear factor x—x x is associated a second, viz., 
x— l/x 1 . The condition for at least three linear factors is that (6) shall have at 
least two and hence all its roots z in F, such that z 2 — 4 be a square in F. 

From the above method of solving (4), or by undetermined coefficients, it 
follows that (4) hag a factor of the form x* — z,a;+ 1 if and only if equation (6) 
has a root z, in F. Next, if (4) has a factor x 2 — kc-\-t, where t^O, tf^l, it has 
also the factor < -1 (fo 2 — Jt^+1)=^ 2 — < -1 &k-M _i , and hence a third factor a; 2 — zx + L. 
The condition for this third factor was that (6) have a root z in F. Let this con- 
dition be satisfied. Then the quotient of (4) by x 2 — zx+1 is the reciprocal quar- 
tic equation with coefficients in F: 

(7) x i -t^-p)^ ■h(z 2 -zp-l+q)x i + (z-p')x+l=0. 

We are therefore led to consider the conditions for the factorization 

(8) x* -az 3 +bx l -ax + l=(x° -kc + t)(xz -M-ix+ir-*). 
The conditions are 

(9) a=J(l+<- 1 ), b=t+t~ l +in-i. 
Eliminating* it, we obtain the reciprocal condition on t 

(10) <« + (2-&< 3 + (a 8 — 26+2)< 8 + (2— 6)<+l=0. 

If (10) has a root t^—1 in F, the first condition (9) determines Jc in F. If 
every root of (10) equals —1, then a=0, b=— 2, k—0, so that the factorization 
(8) is evident. For the general case, we may readily determine the conditions 
under which (10) has a root in F. First, it is necessary that Zst+t- 1 belong to 
F. By (10), 

Z i -(2-b)Z+a i -2b=0, (Z-l+iby--=(l+iby-a*. 

Hence (1+J&) 8 — a" must be the square of an element I of F. Next, from 
t*-tZ+l=0, Z*-43i& 2 -2-a 2 -H(2-&) must be a square in F. 

To proceed otherwise, let z t and z 2 be the roots of z 2 —az+6— 2=0. Then 

x' -az*+bx 2 -ax+l=(x* -z,x+l)(x°- -ZzX-i-1). 

Setting Z 1 = T /(z 1 2 -4), Z t = i /(z 2 -4), the four roots are 

hi+iZi, iz.-iZ,, iz 2 +iZ„ tZs-lZ,. 

♦Upon eliminating (, there results a non-reciprocal quartlc (or k. 
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The two roots of either of the quadratic factors (8) are not reciprocal. By proper 
choice of the signs of Z x and Z 2 , we may assume that \z x -\-\Z x and iz^+iZ^ are 
the roots of one of the quadratic factors (8) and the remaining two the roots of 
the other. Now the coefficients of a quadratic (8) belong to F if and only if the 
sum and product of its two roots do. But z l +z. i =a and 2,z 2 =&— 2 belong to jF. 
The conditions are therefore that 

■Zi+^2t z i^i+ z 2^i+^i^st ~z x Z i —z i Z 1 -\-Z 1 Z i 

shall belong to jP. It follows first that Z 1 Z. i =2 i /[(l + £6) 8 -a 8 ] shall belongto 
F, say= — 21. Next, z l Z i -\-z 2 Z 1 must belong to jP. Its square equals 

2t*B*-4e* -4 2 /+22 l2 ^,^ 2 =i[46 8 -2-a 8 + J(2-&)]- 

Hence %b' ! —2— a 2 +1(2— 6) must be a square in F. We have now obtained the 
two conditions given earlier. I remains to verify that Z x -\-Z. i belong to F. But 

(z i Z 1 +z i Z. 2 Xz x Z 2 + z i Zt)=z t z i (Z i *+Z i °)+Z x Z i (z*+z.n, in F. 

Consider finally the most interesting case of all, that in which the sextic 
(4) has an irreducible cubic factor. Call its roots k, A, ;i. No two of the three 
are reciprocal, since the product of all three would then equal the third root, 
which would thus belong to F, making the cubic reducible. Hence k~ x , k~ x , ij.- 1 
are the roots of a second cubic factor of (4). Hence (4) is the product of the two 
cubic factors 

(11) x»+ax°-+bx+c, z 8 +— z 8 + — x +•— . 

c c c 

Equating the coefficients of the product to those of (4), we get 

,.,, ,6 .aba , 1 , & 8 a 8 

( 12) a+-=-p, & + _ + _=,, .+_+_+ T »_ r . 

Substituting the value of a from the first in the last two, we get 

(13) & 4 + &(l+j>c-c 8 )+pc+gc s =0, 

(14) & 2 (l + c 2 )+2&j»c+p*c«+c s +c 4 +rc 3 ^0. 
Eliminating b 2 , we get bU+ W—0, where 

(15) U=c i —pc 3 +pc— 1, W—p 2 e i +c 1 +c* + rc 9 —pc—pc s —qc-—qc*. 
Substituting b— — W/U in (13) and cancelling the factor c 8 , we get 
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(16) c 8 + l+(c 7 +c)(r-2p) + (c«4e 8 )(? 8 — 2p-+2p 2 -f-l— 2g) 

4-(c 6 4-c3)(r-2^)(p 1! -2g + 1) +c*(2g 2 4-r 2 -B> 4 +4p 2 -4g— 4p*q)=0, 
which is evidently a reciprocal equation. Making the substitution, similar to (5), 

(17) c+~=y, c *+^r~y*-2, e^-L^s-ty, e*-\-^=^*-^+2, 

equation (16) becomes 

(18) y<+y*(r-2p)+y*(q'-2pr+2p*-B-2q) 

+y(r-2p)(p !! —2q—2)+p*-4p*q+4pr+rs=0. 
Suppose that y and then c can be determined in F. Now 

(19) Z7=(c 2 -l)(c 2 — pc+1). 

If- Z7^0, then 6 and a are uniquely determined by bJJ+ W=0 and the first rela- 
tion (12). Next, CT— if and only if c=^l or c 2 +l=cp, whence ,v=2, —2, or 
p. If c— 1, TP=0 gives r— 2q + p 2 — 2p+2=0, and (18) reduces to the square of 
the preceding, while (13) and (14) reduce to ¥-\-bp + p-\-q— 0. If c=— 1, W=0 
gives r+2q—2p—p s — 2=0, and (18) reduces to the square of the preceding, 
while (13) and (14) reduce to b s — bp—p-\-q=0. If c % =pc— 1, whence y—p, 
then TT=0 gives r+p — pq~^> anc * (18) reduces to (r-\-p — pq~) z =0, while (13) 
and (14) reduce b 3 +2b+qc i +pc=0. 

In general, the values of a and b follow rationally when c is found from the 
quartic and quadratic. In the three cases mentioned, c is given, but b requires the so- 
lution of a quadratic. 

III. The General Term op a Recurring Series. 

The usual examples under this topic lead to a generating fraction which 
can be resolved into partial fractions with binomial denominators, so that the 
general term of the expansion into series is readily found. It is otherwise with 
the following example (No. 4, page 148, Dickson's College Algebra) : 

(20) l+6z— 4x* -40*3 _ H2«4— 32a 6 +704«« + 

The generating relation isu n — 2zw n _i4-4a; 2 w B _2 + 8a: i, w„_3=0; the generating frac- 
tion is 

(21) (l+4z-12x 3 )/D, ]Ml-2x+4x ,t +Hx 3 

First method. Set Z>=(1— 2ax)(l-2px)(\-2 r x) . Then 

(22) a+p+ r =l, aP+«r+fr=l, afr=— 1. 
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The discriminant A=(a — /S) s (/J— r) s (/— a ) 2 is found to be —44. Now 
1 a 6 , e 



D l-2aa; 1—2/9* r 1-2^ 

M* -£)(' -*-)- •(» S-K 1 -*■)-(* -rK 1 -f )• 

-a_ « a («-^)(^-r) 8 (r-») ■ /? 2 («-l)Q3-r)0— O* 
" D l-2<*e "*" 1-2/Sfc 

"*" l-2y» 

Expanding 1/(1— 2ax), , into series, we obtain as the coefficient of 2 r af : 

+r r+2 («-/9) 2 (/s-r)(r-«)- 
In this the coefficient of a r + 2 equals 

3/3 V - C" 2 / 98 +« V +£ V ) +3« s /5r— «^r( a +/*+r) + «£ 3 + a r s —Pr*—P*r 

=3/S 2 ^ 2 4-/S r -a*-9a-2, 
in view of (22) and the consequent relations 

a «/S»+«v*+0V=(«0+^+fr)*-2^(«i-/H-7)==3, 
« 3 +i9 3 +r 3 =(«+/S+r) 3 -3(a+^+r)(«/3+«r+/Sr)+3«/?r==-5, 

a 2 +/? s +r s =(«+/? + r) 2 -2(a/?+a?- + M = -l- 
Hence, if we set S n =a n + P"+y n , we obtain 

(23) G r -83 r -8 r+1 -28 r+2 -98 r+ s-8r+ e . 

Since a, ft, y are the roots of y s —y % +y-\-l, we have Newton's identity 

(24) 8 t -S k+ i+S k -. 2 +S^ s =0 (fcf3). 
Hence 

(25) 8^28^ + 8^=0. 
Hence (23) becomes 

(26) C r =10S r +68r + l-88r+i. 
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Now C r denoted the coefficient of 2 r af in the expansion of 44/D. Hence the co- 
efficient of 2 r +V+ 2 in the expansion of (21) is 

iW + 2+2C, + i-3C r )=; r V(36£ r+2 +28& +1 -12&), 

the last reduction following from (24) and (26). Hence the coefficient ofx r + 2 in 
the series (20) is T * T (9£ T+2 +7,8' r+ i-3£ r )2'-+2. 

By way of cheek, we note that 8^—1, 8^=~ 1, S 3 =—5, as shown above. 
Hence # 4 =-5, 185=1, by (24). The coefficients of x 3 and x 1 are therefore 

T V(-45-7-3)2 3 =-40, 1 l r (-45-35+3)2* = -112. 

Applying Waring's formula (Serret, Alghbre, I, page 449) to the cubic 
y s —y i +y+l=0, we obtain the explicit result 

, 27 , o -g (— l) A »+ x »w(A 1 +X z +X s )l /summed for all integers ^0\ 

K ' "(-»!+!)! (^+1)1(^+1) !' Vsuch that / 1 +2A 2 +3/i3=«;- 



Second method. Equate expression (21) to a -\-2a x x-\-2 2 a x x 2 -\-^ 
+2 r <Mf+ •-, clear of fractions, and compare coefficients. Then 



l=a , 2=-a -t-a,, -3=a — a, + a 2 , 0=a o +a, ~a 2 +a 3 , , 

0=a,+a r+1 -a r+2 +a r+3 , (»-=0. 1, 2, ). 

Noting that the determinant of the coefficients of the first n equations is 1, we get 



(28) 



a„= 
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-110 
1-110 
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11-1 



Expanding according to the elements of the last column, we get 

(29) a^-=(-l)»(D„-2D„^ 1 -37> n _ 2 ) ) 

where D n denotes the minor obtained upon deleting the first row and first column 
of (28). Adding the first row to the second in D„, we get 
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where the second determinant was reduced by adding its first row to its second. 
Expanding the third determinant according to its first column, 

(30) D B =2D n _s-l>^. 
For d r =(-l) r D r , relations (29) and (30) become 

(31) a„=d n +2d n - 1 -Bd n ^ 2 , d n =-2d„_s— <J n _ 4 . 

The second recursion relation is precisely recursion relation (25). 

Third method. The existence of the three-term recursion relation, just 
mentioned, suggested the following method, which aside from its artificiality is 
perhaps the most satisfactory one of the three. We employ the identity 

(1— 2z+4x 8 + 8z s )(l + 2(»;)=l+16a: s +16**. 

Let r C t denote the number of combinations of r things 1c at a time. Then 

ItlhU n!. ( - 1)r i.- C » (lfc«)*(l«*>-= JC-D' rC t Iff* -*. 

The coefficient of x n is therefore 

(32) K n ^ 2 ( - 1)' rCtr-nl GT= 2 ( - 1)1 ff r C w _ 3 r, 

r r=0 

where «' is the greatest integer in n/3. Now expression (21) equals 

(l+4s-12a; 8 ) (l+2s) 14-6x-4x !l ~2'iz !t 

(l-2x-\-4x*+8x 3 ) (l+2z) — l+16z 3 + .16a:* ' 

Hence the coefficients ofx" in series (20) is K„ + 6K„_i— 4K„_ 2 — 24JT B _ S . 



